Nonequilibrium dynamics of a nonintegrable system without the eigenstate thermalization hypothesis is studied. It is shown that, in the thermodynamic limit, this model thermalizes after an arbitrary quantum quench at finite temperature, although it does not satisfy the eigenstate thermalization hypothesis. In contrast, when the system size is finite and the temperature is low enough, the system may not thermalize. In this case, the steady state is well described by the generalized Gibbs ensemble constructed by using highly nonlocal conserved quantities. We also show that this model exhibits prethermalization, in which the prethermalized state is characterized by nonthermal energy eigenstates.
I. INTRODUCTION
Approach to thermal equilibrium, or thermalization, in isolated many-body quantum systems has recently attracted renewed interest [1] [2] [3] [4] [5] [6] [7] [8] . Although the quantum state itself does not relax to the (micro)canonical enesmble, isolated systems can thermalize in the sense that the expectation values of any local quantities approach their equilibrium values. Recent intensive theoretical and experimental studies have revealed that a wide class of farfrom-integrable systems with no local conserved quantity thermalize as expected [4, 7, 8] , but systems with some local conserved quantities [9] [10] [11] [12] [13] [14] and with many-body localization [15, 16] do not thermalize. In addition, it has been recognized that isolated quantum systems also show rich phenomena in the course of relaxation. For example, some nearly-integrable systems undergo prethermalization [8, [17] [18] [19] [20] [21] [22] [23] [24] , where relaxation occurs with two-step: The first one is to a long-lived prethermalized state and the second one is to the true thermal equilibrium.
What distinguishes whether the system thermalizes? It is now recognized that the eigenstate thermalization hypothesis (ETH), which is traced back to von Neumann [25] , plays an important role to characterize systems with thermalization [4, [26] [27] [28] [29] [30] . The ETH claims that every energy eigenstate is thermal, i.e., indistinguishable from the corresponding (micro)canonical ensemble as long as we consider local observables. By assuming the ETH, we can show thermalization of an isolated quantum system. Numerical simulations show that many far-from integrable systems with no local conserved quantity satisfy the ETH [31, 32] , while integrable systems [9] [10] [11] [12] [13] and localized systems [15, 16] do not. Thus, it looks plausible to consider that the ETH gives a complete characterization of thermalizing systems.
In this paper, contrary to the above scenario, we exemplify that the ETH does not fully determine the presence or absence of thermalization by studying the quantum dynamics of a concrete spin model. We show that, despite the fact that the ETH is not satisfied in this model, it thermalizes after any physical quench, i.e., a sudden change of the Hamiltonian, from a finite-temperature equilibrium state with a sufficiently large system size. Note that our model has only short-range interactions, translation invariance (in particular, no localization), no local conserved quantities (and therefore nonintegrable), but does not satisfy the ETH. This class of models was first proposed in Ref. [33] , while the nonequilibrium dynamics of such a Hamiltonian has not been studied so far.
On the other hand, when the system size is relatively small and the temperature is low enough, we may find that the system does not thermalize after a quench. In this case, we numerically show that the steady state is well described by the generalized Gibbs ensemble (GGE) associated with highly nonlocal conserved quantities. This shows clear contrast to the case of integrable systems that a non-thermal steady state is described by the GGE characterized by local or quasi-local conserved quantities [9, 13, [34] [35] [36] [37] [38] . The relevance of the GGE constructed by nonlocal conserved quantities brings new insight into the problem of thermalization; some nonlocal conserved quantities can affect the local property of the steady state of an isolated quantum many-body system.
The model studied here also exhibits intriguing nonequilibrium dynamics. We show that our model undergoes prethermalization for certain initial states. It turns out that the prethermalized state is characterized by nonthermal energy eigenstates although the true steady state is not affected by them. It crucially depends on the initial state whether the system thermalizes directly or thermalizes via prethermalization plateau, in contrast to the conventional prethermalization in nearly integrable systems, where any initial state shows prethermalization unless the GGE associated with the initial state is identical to the canonical ensemble. This paper is organized as follows. In Sec. II, we explain the setup of our model, which is constructed by the method of embedded Hamiltonian. In Sec. III, we confirm analytically and numerically that a macro-scopic system thermalizes without the ETH after a physical quench. By contrast, in Sec. IV we show that a sufficiently small system may not thermalize. In this case, the stationary state is described by a novel type of generalized Gibbs ensemble characterized by highly non-local observables. In Sec. V, we investigate the signature of non-local observables in macroscopic systems. We find that a novel type of prethermalization occurs in the course of relaxation.
II. MODEL
We consider a one-dimensional spin-1 chain of length L under the periodic boundary condition. Each site is labeled as i = 1, 2, . . . , L. The spin-1 operator is denoted byŜ (the spin-1 operator at site i is denoted byŜ i ), and the three eigenstates ofŜ z are denoted by |1 , |0 , and |−1 , whereŜ z |m = m|m for m = −1, 0, 1. We definê P := |0 0| as the projection operator to the state |0 , and denote byP i the operator acting on the site i. We also introduce the pseudo Pauli matrixσ as
The Hamiltonian studied in this paper is given bŷ
where1 represents identity operator, and we set
In this paper, the parameters are fixed at J = (−0.75, 0.5, 1), h = (1, 0, −0.5), J ′ = (−1.5, 1, −2), h ′ = (0, 0, −0.5), and D = −1. This Hamiltonian belongs to a class of embedded Hamiltonians studied in Ref. [33] . We introduce the Hilbert subspace T ⊂ H defined as the collection of the states |Ψ ∈ H satisfyingP i |Ψ = 0 for all i. In our model, the dimension of the whole Hilbert space H and that of its subspace T are dim H = 3 L and dim T = 2 L , respectively. Owing to [Ĥ ′ ,P i ] = 0 for all i, the set of 2 L eigenstates ofĤ ′ serves as the orthonormal basis of T . In addition, these 2 L eigenstates are also energy eigenstates ofĤ becauseĤ 0 |Ψ = 0 for any |Ψ ∈ T . Thus the eigenstates ofĤ ′ within T are embedded to the energy spectrum of a more complicated HamiltonianĤ =Ĥ 0 +Ĥ ′ . It is proved that these 2 L energy eigenstates within T are not thermal, andĤ does not satisfy the ETH [33] . It is noted that, for general choices of the parameters For later convenience, we introduce the projection operator onto the subspace T defined aŝ
whereQ i := 1 −P i . This projection operatorQ is a conserved quantity of our model. This is a highly nonlocal quantity in the sense that it is written as a product of local projection operators at every site i.
III. THERMALIZATION
A. Preliminary discussion on the ETH and the weak ETH Our model has 2 L (= dim T ) nonthermal energy eigenstates. Since the dimension of the total Hilbert space H is 3 L , the fraction of nonthermal energy eigenstates,
is exponentially small for large system sizes. When almost all the energy eigenstates of the system are thermal, the system is said to satisfy the weak ETH [10] (here, almost all means that the fraction of nonthermal energy eigenstates tends to zero in the thermodynamic limit). Our model does not satisfy the ETH, but the weak ETH holds.
One might think that the statement of the ETH (all the energy eigenstates should be thermal) is too strong, and the weak ETH is a more important property to determine the presence or absence of thermalization. However, this is not the case. It is proved that the weak ETH holds for general translation-invariant quantum spin chains with local interactions, and moreover, the fraction of nonthermal energy eigenstates is exponentially small for large system sizes [39] . In other words, even integrable systems satisfy the weak ETH, although they fail to thermalize after a quench. In the integrable case, nonthermal energy eigenstates with exponentially small fraction have extremely large weight after some physical quench [10] , which causes absence of thermalization. Thus, even if the number of nonthermal energy eigenstates is exponentially fewer than the total number of energy eigenstates, it is highly nontrivial whether thermalization occurs.
Rather, it is sometimes argued that the ETH is even necessary for thermalization although it looks too strong [29] . It is true that the violation of the ETH implies that there are some specific initial states which do not thermalize. The problem is whether such initial states are realizable in practice. In Ref. [29] , it is argued that the ETH is necessary for thermalization in the sense that the ETH must hold whenever all product states between a small subsystem and the remaining part called a "bath" thermalize. However, we should be care about the class of initial states; not all the product states might be realizable in experiment, and therefore it would be an excessive requirement that all the product states should thermalize. In the next subsection, we will see that the ETH is not necessary for thermalization in the sense that our system thermalizes after any quantum quench at a finite temperature although the ETH does not hold.
B. Thermalization after any finite-temperature quench
Now we consider the quantum dynamics after the quench of the Hamiltonian. We consider the following pre-quench Hamiltonian:
The initial state |Ψ ini is chosen as a canonical thermal pure quantum (TPQ) state [40] ofĤ ini at the inverse temperature β > 0,
where |r with r|r = 1 is a random vector sampled uniformly from the entire Hilbert space H. The canonical TPQ state is known to represent thermal equilibrium at the inverse temperature β [40] . After the quench, the system evolves under the HamiltonianĤ, and the state at time t > 0 is given by |Ψ(t) = e −iĤt |Ψ ini , where we put = 1.
In Ref. [33] , it is numerically shown that all energy eigenstates ofĤ outside of T , i.e., energy eigenstates {|Φ n } with Φ n |Q|Φ n = 0, are thermal. From this numerical result, we can conclude that the system will thermalize if the initial state has a vanishingly small weight to the nonthermal energy eigenstates in T . This weight w is equal to the expectation value ofQ; w = Ψ ini |Q|Ψ ini . Now we shall prove that the initial state (8) actually has an exponentially small weight to the subspace T . First, we consider the quantitŷ
It is shown in Ref. [33] that the canonical distribution withĤ ini has finite expectation value ofÂ
where Ô (ini) can := TrÔe −βĤini /Tr e −βĤini is the average in the canonical distribution, and c β is a strictly positive quantity independent of the system size L for any finite temperature. It is noted that any state in T has exactly zero expectation value ofÂ and vise versa, which imply thatQ is identical to the projection operator onto the subspace spanned by the eigenstates ofÂ with the zero eigenvalue, which is denoted byP[Â = 0]:
LetB be an arbitrary self-adjoint operator, and let b k and |b k (k = 1, 2, . . . ) be the corresponding eigenvalues and eigenstates, respectively. We denote bŷ
the projection operator onto the subspace spanned by the eigenstates ofB with eigenvalues not less than b. Then, owing to the large deviation property of the equilibrium state in quantum spin chains, we can prove that for an arbitrary δ > 0 and for sufficiently large L 0 , there exists γ > 0 such that
holds for any L ≥ L 0 [41, 42] . From Eqs. (10) and (11), it is obvious that
if we choose δ so that 0 < δ < c β . By using Eq. (13), we obtain
The expectation value ofQ, i.e. the weight to the subspace T , in the initial canonical distribution is exponentially small. Since a canonical TPQ state represents thermal equilibrium, it would be expected that the weight to the subspace T is also exponentially small for almost all realizations of the canonical TPQ state. Indeed, we can prove the following inequality, which rigorously establishes that the weight to the nonthermal energy eigenstates decreases exponentially as the system size increases:
where γ ′ > 0 and Prob[a] denotes the probability of an event a, and the probability is introduced for a random vector construction of the canonical TPQ state (8) . The proof of Eq. (16) is given in Appendix. A. Although we have focused on the canonical TPQ state, it is expected that the weight also decreases exponentially for other realistic initial states.
We numerically demonstrate thermalization after the quench. The parameters in the pre-quench Hamiltonian (7) are set to h in FIG. 2 exhibit thermalization to the corresponding equilibrium values.
IV. NO THERMALIZATION IN FINITE SYSTEMS
In contrast to the previous section, if the system size is finite (i.e., finite L), the weight w can be relatively large, and the system will not thermalize in that case. We consider the same quench, but put D What is this nonthermal steady state? It is known that a nonthermal steady state of an integrable system is described by the generalized Gibbs ensemble (GGE), ρ ∝ exp[− α λ αÎα ], where {Î α } are local or quasi-local conserved quantities of the integrable system, and {λ α } are determined by the expectation values of those conserved quantities in the initial state [9, 13, 34, 38] . By contrast, our HamiltonianĤ has no local conserved quantity. Instead, we have a nonlocal conserved quantitŷ Q. In addition, the HamiltonianĤ is decomposed aŝ H =PĤP +QĤQ, whereP := 1 −Q, and then both of PĤP andQĤQ are also nonlocal conserved quantities. By using them, let us construct the nonlocal GGE aŝ
where Z GGE is determined so that Tr ρ GGE = 1. The parameters β P , β Q , and λ are determined by the conditions Tr [
We compare M x (t) and C z (t) with the corresponding expectation values in the nonlocal GGE in FIG. 3 . This figure shows that when the system does not thermalize, the steady state is well described by the nonlocal GGE. It is a novel property of embedded Hamiltonians that highly nonlocal conserved quantities affect the local property of the steady state.
V. PRETHERMALIZATION
While the weight to the subspace T is negligibly small for large systems, it does not mean that the nonlocal conserved quantityQ and the corresponding subspace T do not play any role in the thermalization process. Let us call the site i withŜ z i = 0 (orP i = 1) a defect. We show that if the density of the defects in the initial state, defined as
, is sufficiently small, the system exhibits prethermalization, and the prethermalized state is well described by the constrained (micro)canonical ensemble within the subspace T .
The occurrence of prethermalization can be explained as follows (see Appendix B for details). If the initial density of defects d 0 is exactly zero, it implies w = 1 and the system does not thermalize but equilibrates to a state described by the canonical distribution restricted to the energy eigenstates in the subspace T . In this case,Ĥ 0 in Eq. (2) does not play any role. Let us consider the case that d 0 is nonzero but sufficiently small. In this case, since the spread of the defects is not quick, it is expected that up to some finite time the density of defects remains very small and we can neglect the effect ofĤ 0 . Then, this finite time dynamics for sufficiently small d 0 will be very close to that for d 0 = 0. Therefore, the system will first relax to an "equilibrium state" within T , and then reach the true equilibrium state.
The lower bound of the length of time of the prethermalization plateau can be obtained by using the LiebRobinson bound [43, 44] , which reads t analysis is given in Appendix B, and we here give a rough argument in the following. The average distance of the nearest defects in the initial state is given by 1/d 0 . According to the Lieb-Robinson bound, the speed of the spread of each defect is rigorously bounded above by the Lieb-Robinson velocity v LR , and as a result, at time t ≪ t (LR) pre ∼ 1/(d 0 v LR ), defects have not spread over the entire system yet and we can ignore the effect of defects. We here remark that the obtained bound by using the Lieb-Robinson bound is a lower bound, and as shown below the real dynamics of the defects is diffusive, not ballistic (i.e., scaled as 1/d 2 0 , not 1/d 0 ). We now study the prethermalization by numerical simulations. We consider the dynamics starting from the initial state in which the spin at i = 1 is in the state |0 , and the other spins are in the state |1 :
The site i = 1 is the initial defect, and d 0 = 1/L. It is noted that even a single defect leads to w = 0, which implies that the system will eventually thermalize. We calculate the time evolution of Ψ(t)|Ŝ z L/2Ŝ z L/2+1 |Ψ(t) (here we assume an even L).
The numerical results in FIG. 4 show that the prethermalization indeed takes place. We also find that the prethermalization plateau is well described by the canonical ensemble restricted to T ,
Tr Q e −βQQĤQ =Q e
−βQĤ
Tr Q e −βQĤ ,
which is obtained by taking the limit of λ → −∞ in the nonlocal GGE given in Eq. (17) . The effective inverse temperature β Q has been determined so that the expectation value ofQĤQ in the initial state coincides with that in ρ Q . We call this state "constrained equilibrium", and the average ofŜ In this way, it turns out that although the weight to the subspace T is exactly zero in our initial state, the system first relaxes to the prethermalized state indistinguishable from thermal equilibrium restricted to T . This phenomenon shows intriguing nature of the nonequilibrium dynamics of a many-body system.
Regarding the lifetime of the prethermalized state, it is numerically found that it scales as
which suggests diffusive spread of the defects. In our initial state, d 0 = 1/L and hence t pre ∝ L 2 , and this dependence is clearly shown in FIG. 5 . In numerical calculations, we have defined t pre as the time at which
z L/2+1 |Ψ(t) reaches 0.32. It should be noted here that the timescale of prethermalization depends on the initial state, and therefore the system does not show prethermalization when d 0 is not small in the initial state. This shows clear contrast to the prethermalization in nearly-integrable systems, which is irrelevant to the initial state.
VI. SUMMARY AND DISCUSSION
We have studied the relaxation process of a spin-1 chain which belongs to the class of embedded Hamiltonians. It is shown that this system thermalizes after a quench from a thermal state of another local Hamiltonian although the ETH is not satisfied. However, in a finite system, the weight to nonthermal energy eigenstates may be relatively large, and the system may not thermalize. We find that, in such a case, the nonlocal GGE associated with some nonlocal conserved quantities describes the steady state. This means that some highly nonlocal conserved quantities can be relevant to determine the steady state of an isolated quantum system.
In addition, we find that our system exhibits prethermalization described by a constrained equilibrium state within the Hilbert subspace of nonthermal energy eigenstates even if the weight to this subspace is exactly zero. This result implies that the nonlocal conserved quantities may result in not only the existence of nonthermal energy eigenstate but also the existence of an intermediate quasi stationary state.
It is worth noting the similarity to the glassy dynamics. A quantum version of the kinetically constraint models, a model of glassy dynamics, also show two-step relaxation which has initial-state dependence [45] [46] [47] . In fact, these models can be understood as a special case of the embedded Hamiltonian. It would be interesting if nonlocal observables and embedded Hamiltonians characterize glassy dynamics.
Our result elucidates the crucial difference between a quench from a thermal state with finite temperature and that from a ground state (absolute zero temperature). Since any real experiment is performed at finite temperature, we conclude that the former is a physically realizable quench but the latter is not. In our model in the thermodynamic limit, we demonstrated that an initial state obtained through the former quench thermalizes, while it is also true that there exists a latter type of quench which provides an initial state without thermalization. This clearly shows that a naive application of a quench from a ground state may lead to unphysical results.
The reason why our model thermalizes despite no ETH would be understood by the fact that the steady state is described by the nonlocal GGE. The nonlocal GGE deviates from the equilibrium ensemble only when the expectation values of the relevant nonlocal conserved quantities differ from their equilibrium values. However, it would be very difficult (or impossible) to control the expectation values of nonlocal quantities by any local operation like a quench at finite temperature. It means that the expectation values of the nonlocal conserved quantities take the equilibrium values from the beginning, and the nonlocal GGE is reduced to the usual equilibrium ensemble for preparable initial states. Thermalization without the ETH and the existence of relevant non-local conserved quantities are novel features of our model, and their implications for our understanding of thermalization should be explored further in future works.
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where D is the dimension of the Hilbert space, Z := n e −βEn is the partition function, and
The average of A over the random vectors is denoted by Ave [A] . It is shown that Ave[N ] = 1 and the probability of getting N with |N −1| ≥ ǫ(> 0) is exponentially small. More precisely, in Ref. [40] , it is shown that 
with the projection operatorQ to the Hilbert subspace T . This quantity is decomposed as
where ǫ is an arbitrary constant satisfying 0 < ǫ < 1. We first calculate A 1 . Using 1/N ≤ 1/(1−ǫ), φ n |Q|φ n ≤ 1, and the Schwartz inequality, we obtain
where Â (ini) can := Tr e −βĤiniÂ /Tr e −βĤini is the expectation value ofÂ in the canonical ensemble ofĤ ini . Since
(A9) By using Ave[|c n
we finally obtain the upper bound of the first term of the right hand side of Eq. (A7):
As mentioned in Sec. III, one can prove that there exists some constant γ > 0 independent of the system size L such that
Using this in Eq. (A10), we obtain
Next, we consider A 2 . Using
and Eq. (A5), we obtain
Substituting Eqs. (A12) and (A14) into Eq. (A7), we can conclude that Ave[ Ψ|Q|Ψ ] is exponentially small
By applying the Markov inequality [48] , we obtain
where Prob[a] is the probability of an event a. Here it is noted that we can choose ǫ as an arbitrary positive value less than 1, for example, we put ǫ = 1/2, and then we obtain Eq. (16).
Appendix B: Occurrence of prethermalization
We shall derive prethermalization in the spin-1 model discussed in the main text. Let us consider the time evolution of a local operatorÔ X that acts non-trivially on the set of sites X = {j, j + 1, . . . , j + k − 1} with some integer k ≥ 1 independent of the length L of the onedimensional chain. For some fixed l ≥ 0, we define the region S as a set of sites i with min
is the distance between the sites i and j ′ in the periodic boundary condition. Explicitly, S is given by
The set of sites not in S is denoted by B. We divide the HamiltonianĤ aŝ
whereĤ S is the Hamiltonian acting non-trivially on the region S,Ĥ B is that on the region B, andĤ SB is the interaction Hamiltonian between the subsystems S and B. SinceĤ is a local Hamiltonian, we can always choosê H SB so that Ĥ SB is independent of L, where · represents the operator norm. The whole Hilbert space H is accordingly decomposed as H = H S ⊗H B . In the spin-1 Hamiltonian discussed in the main text, the concrete expressions are given as follows:
The HamiltonianĤ SB acts non-trivially on the set of
We shall show that the exact time evolution ofÔ X is well approximated by its time evolution underĤ S , that is, 
where we used |∂S| = 8, |X| = k, and dist(∂S, X) := min i ′ ∈∂S,j ′ ∈X dist(i ′ , j ′ ) = l − 1 in this model. C is a positive constant independent of the system size; in our model, for example, we can set C = 2/5. µ and g are arbitrary positive constants satisfying
and v = 4g/C. See Ref. [44] for details. Substituting Eq. (B8) into Eq. (B7) with C ′ := 8Cke µ Ĥ SB /v, we arrive at After the approximation given by Eq. (B6), the time evolution is fully determined by the Hamiltonian of the finite subsystem S. Although the weight w to the nonthermal energy eigenstates ofĤ is exponentially small with respect to the total system size L, the weight w S to the nonthermal energy eigenstates ofĤ S is not necessarily small. According to the discussion in the main text, under the time evolution inĤ S , the subsystem will relax to the stationary state described by the nonlocal GGE given by The condition τ S ≪ τ S LR is generally not met since the relaxation of S takes place due to the spread of defects over the entire region of S, the timescale of which cannot be shorter than the Lieb-Robinson time. Only when w S ≈ 1, the condition τ S ≪ τ S LR may be satisfied, as we see below.
Let us consider the situation of w S ≈ 1. This situation is realized when the initial density of the defects
is very small. When the defects are distributed uniformly over the entire system,
We assume that d 0 k ≪ 1. In order for w S to be close to 1,
and hence
When w S ≈ 1, the relaxation time of the subsystem S is independent of d 0 because the relaxation takes place within the subspace T S . Moreover, if the initial state in the subsystem S is homogeneous (no inhomogeneity of the energyĤ S ), the relaxation time of the subsystem S is also independent of k+2l, i.e., the size of the subsystem S, for large l. Therefore, for sufficiently small d 0 , we can choose l so that
and then both w S ≈ 1 and τ S ≪ τ S LR can be realized at the same time. This implies that prethermalization occurs in this situation.
Since w S = Ψ(0)|Q S |Ψ(0) , w S ≈ 1 implies
Tr SQS e −βQQSĤSQS =:
which is nothing but the constrained equilibrium to the subspace T S , where T S is defined as the set of states |Ψ ∈ H S satisfying Ψ|Q S |Ψ = 1, i.e., T S is the subspace of the nonthermal energy eigenstates ofĤ S . When d 0 is sufficiently small, we can choose a large value of l satisfying Eq. (B16), which implies that the size of the region S is sufficiently large. In this case, the density matrix (B17) is approximately identical to the reduced density matrix obtained from the constrained equilibrium density matrix of the whole system, that is,
TrQe −βQQĤQ .
Equation (B18) tells us that the prethermalized plateau of Ψ(t)|Ô X |Ψ(t) is described by the constrained equilibrium to T of the whole system. We shall evaluate the timescale of prethermalization. The condition of Eq. (B15) implies that at time given by
the prethermalized state will decay towards the true thermal equilibrium. This gives a lower bound of the timescale of prethermalization.
